In this study, we develop a three echelon supply chain model for items to determine the optimal reliability and production rate, which achieves the biggest total integrated profit for an imperfect manufacturing process. Here, we have taken a supplier, a manufacturer and a retailer in which supplier supplies raw materials to manufacturer, manufacturer produces perfect and imperfect quality items because practically it happens and manufacturer supplies perfect quality items to the retailers. In production system, production facility may shift from an in-control state to an out-ofcontrol state at any random time. The basic assumption of classical economic manufacturing quantity model is that all manufacturing items are of perfect quality but the assumption is not true in practice. The proposed study is formulated assuming that a certain percent of total product is defective. This percentage also varies with production rate and production run time. The defective items are restored in original quality by reworked at some costs to maintain the quality of products in a competitive market. Finally, numerical example and its graphical representation are given to illustrate the proposed model. Sensitivity analysis is also provided to test feasibility of the model.
Introduction
The production or the distribution of inventories is an activity in which almost all organizations are involved. It seems that there is a great economic incentive to optimize the inventories across process supply chain. To accomplish this objective the main challenge is how to effectively integrate inventory management with network design for multi-echelon process supply chain so that decision on locations to stock the inventory and the associated amount of inventories can be determined simultaneously to minimize costs. The integration is non-trivial for multi-echelon supply chains and their associated inventory systems in the presence of uncertain customer demands.
A large amount of researches on multi-echelon inventory control has appeared in the literature during the last decades. Clark and Scarf (1960) were the first to present the concept of serial multi-echelon structures to determine the optimal policy. Banerjee (1986) derived a joint economic lot size model for a single vendor, single buyer system where the vendor has a finite production rate. The competitive framework stipulates that firms tend to emphasize certain competitive dimensions and develop manufacturing capabilities to achieve the chosen dimensions to enhance their market position. The competitive dimensions are cost, quality, delivery and flexibility. These dimensions relate the production process and control with technology, capacity, facilities, planning, etc. This research assesses the impact of product rate, and production run time of the systems, inventory level and order fill rates. In traditional economic order quantity (EOQ) and economic production quantity (EPQ) model, all items are perfect. It is common to all industries that a certain percent of produced/ordered items are non-conforming (imperfect) quality. In this direction, Rosenblatt and Lee (1986) studied a model where the probability distribution of the time of shifting from in-control state to out-of-control state follows an exponential distribution. They assumed that the defective items produced in out-ofcontrol state could be reworked instantaneously at a cost and found that the presence of defective products results in smaller lot size.
On the basis of RL model, Lee and Rosenblatt (1987) showed that process inspection during the production-run time can detect the shifting time and it could be restored earlier. Cheng (1989) studied an inventory model for imperfect production process and quality dependent unit production cost. Khouja and Mehrez (1994) addressed the effects of variable production rate and imperfect quality on economic production lot size model. Khouja (1999) studied the economic lot size production (ELSP) with a controllable production rate and imperfect quality. Ben-Daya and Hariga (2000) developed a model for ELSP with imperfect processes and process restoration. Other factors, such as damages and breakages during the handling process may also result in defective items. These considerations were discussed by Salameh and Jaber (2000) who are among the first few authors to consider imperfect quality. The above surveyed works assumed imperfect production processes that generate defects that are either reworked or scrapped.
Unlike these works, Salameh and Jaber (2000) developed an extended EOQ model where imperfect quality items are salvaged at a discounted price. Incoming lots of raw material containing items of imperfect quality that occur as a random fraction with a known probability distribution, undergo a screening in which defective items in the lot are removed by the end of the screening period and sold at a discounted price. Chung and Hou (2003) developed a model to determine an optimal production run time with imperfect production processes and allowable shortage. In the model of Wang (2004) , an imperfect EMQ model for production which are repaired and sold under a free-repair warranty policy (i.e., the cost incurred by a defective item after its sale) discussed by Yeh et al. (2000) has been extended to consider general shift distribution. Sheu and Chen (2004) have developed a lot-sizing model to determine the level of preventive maintenance for an imperfect process control. Jaber and Guiffrida (2004) have developed the quality learning curve which is a composite learning curve consisting of the sum of two learning curves. The first learning curve describes the reduction in time for each additional unit produced, while the second learning curve describes the reduction in time for each additional defective unit reworked. Eroglu and Ozdemir (2007) have extended the model of Salameh and Jaber (2000) by incorporating full backordered in stock out situation and the defective items as a collection of imperfect and scrap items. Liao (2007) has investigated an imperfect production process that requires production corrections and imperfect maintenance. Two states of production process are occur, namely state out-of-control state and state in-control state. In 'out-of-control' state, the product is not perfect and a part is rejected (reworking is impossible) with a probability q. The product is perfect (good quality) with a probability (1-q). Lo et al. (2007) have extended a production-inventory model in aspect of both the manufacturer and the retailer. They have assumed a varying rate of deterioration, partial back-ordering, inflation, imperfect production process and multiple deliveries. The elapsed time for the production process shift to imperfect production is assumed to be exponential distribution have modelled an Economic Production Lot size model for imperfect items in which production rate is considered as fixed quantity and the demand rate is probabilistic under certain budget and shortage constraints. Chiu et al. (2007) discussed a lot size problem with random scrap rate and backlogging by alternative approach instead of calculated method. Sarker et al. (2008) addressed the issue relating to reworking of defective items in a multi-stage production system by considering two operational policies: reworking of defective items within the same cycle and after N cycles. Biswas and Sarker (2008) studied an optimal batch quantity model with rework and scrap and detected the scraps after production in three ways with the assumption that once the scrap is detected, it is discarded immediately. Lee (2008) has developed a maintenance model in multi-level multi-stage system. According to his model, the investment in preventive maintenance is to reduce the variance and the deviation of the mean from the target value of the quality characteristics that reduce the proportion of defectives also to increase reliability of the product. Cardenas-Barron (2008) presented a simple derivation to find out optimal manufacturing batch size with rework process at single stage production system. Cardenas-Barron (2009) developed an EPQ model with planned backorders for determining the production lot size and the size of backorders in an imperfect production process where all defective items were reworked at the same cycle. Liao et al. (2009) investigated maintenance and imperfect process with EPQ model involving a deteriorating production system with an increasing hazard (failure) rate. Sana and Chaudhuri (2010) , Sana (2010) and Sarkar et al. (2010) showed that the defective items could be reworked at a cost where overall production-inventory costs could be reduced significantly. Sana (2011) discussed a production inventory model of imperfect quality product in a three echelon supply chain. Sarkar (2012) analyzed an inventory model with reliability in an imperfect production process. Recently, considered a multi-echelon supply chain model for reworkable items in multiple-markets with supply disruption. Singh et al (2012) discussed shortage in an economic production lot-size model with rework and flexibility. developed a threelayer supply chain production inventory model for reworkable items.
In this paper, we construct a model of three-layer supply chain containing supplier, manufacturer and retailer in which complete backlogging is allowed for retailer. The average profit of the supplier is evaluated and the average profit of the manufacturer is calculated when the out-of-control state occurs or does not occur during regular production-run time. Retailer's individual average profit is also obtained. The integrated expected average profit and its difference with the total expected average profit by Stakelberg approach is calculated and a numerical example is considered to test which one is latter.
Assumptions and Notations
The following assumptions and notations are considered to develop the model.
Assumptions
8. Defective items at supplier and manufacturer are considered which follow different probability distribution functions. 9. Cost of idle times at supplier is also assumed. 10. Joint effect of supplier, manufacturer and retailer is considered in a supply chain. Selling price per unit perfect quality item of manufacturer R Rework cost per unit N Number of defective items in a production cycle
Notations
The production period
The non-production period Period that a retailer is not out of stock
Period that a retailer is out of stock T Cycle time n Number of deliveries of finished goods from manufacturer to retailer per order cycle AC r Average cost of retailer EAC r Expected average cost of retailer
Formulation of the model
The following scope applies to the study. We focused on supplier-manufacturer-retailer cooperation; there are two stages in our model. The first stage is the manufacturer production system. The manufacturer purchases raw materials from outside suppliers and delivers the fixed quantities to the manufacturer's warehouse at a fixed time interval. The manufacturer withdraws raw materials form the warehouse to produce the finished goods. The second stage is the retailer inventory system. Fixed quantity of finished goods with multiple deliveries is delivered to the retailer at a fixed-time interval. Representation of inventory level for supplier, manufacture and retailer is shown in Fig. 1(a) , Fig. 1(b) and Fig. 1(c) , respectively. This study develops an integrated inventory model for perfect and imperfect items under a multi echelon supply chain environment. A mathematical model with integrating single supplier, single manufacturer and single retailer is derived to obtain the optimal production rate and order lot-size when the joint total cost of the supplier, the manufacturer and retailer is minimized.
Supplier's individual inventory model
Supplier supplies the raw material at rate P to the manufacturer up to production run time T 1 . The lot size Q is screened with rate r s at cost S s per unit item, after completion of screening, the total defective items are sent back the vendors where supplier purchased at a sales price w s per unit item. ( ) represent inventory level of good items at any time t. The governing differential equation is
From above eq., we have
The inventory holding cost of perfect quality items is
The inventory holding cost of imperfect quality items is s
The purchasing cost of Q items is C s Q and the cost for idle time is (T-T 1 ) I s
The average cost of supplier is = [
Manufacturer's individual inventory model
The manufacturer's inventory system can be divided into two independent phase depicted by T 1 and T 2 . The production starts with the rate P at the time = 0 and continuous up to time T 1 . During time span Solving the above equations, we find
The screening cost is = , The inventory holding cost is
In the model, the production process is so adjusted that the produced items at the beginning of the production are conforming quality up to a certain time τ (in-control state) after this the production process shift to an out-of-control state. In out-of-control state, some of the produced items are nonconforming quality. The production rate of defective items is (t, , P)   percent of production rate P.
Generally speaking, the percentage of defective items increases with increase of production rate and production run time. The formulation of the function (t, , P)
 
shows that it is an increasing function of production rate and production run time simultaneously. Therefore, the total defective items during [0, ]  is zero and during
Therefore, the total defective items in the cycle is
The distribution function for out of control state is  
. The exponential distribution has often been used to describe the elapsed time to failure of many components of the machinery system. The mean time to failure, 1/g(P), is a decreasing function of P. Therefore, the expected number of defective items in a production lot size Q is
So the rework cost is ( ) where ( ) is the expected number of defective items. The unit production cost is Singh et al. 2012) where m K the material cost per unit item, L is the advertisement cost per unit item, V is the total labour/energy cost per unit time of a production system which is equally distributed over the unit time.
So,
V P  describe with P increase and the term P   (δ>0) is the total die costs that is proportional to the positive power of the production rate (P). In short run process, total cost and average cost of production decrease with increase of production rate P. Because, in the early stage of production, utilization of fixed cost factors are properly utilized. So sharing of fixed factors gradually decline with production rate. But in long run process, all factors of production are variable. In this case there are many external and internal factors which accelerate the cost of process. It is rationale that proportional charges of fixed factors with variable are not possible. This disproportional combination between fixed and variable may enhance the cost of production. That is why the cost function is U-shaped.
The average cost of manufacturer is =
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Retailer's individual inventory model
The retailer's inventory system can be represented by the following differential equations; 
Stakelberg Approach
In this three echelon supply chain, manufacturer is the main component. Manufacturer leads the system and supplier, retailer and other parties follow the manufacturer.
The expected average cost of supplier is   
The expected average cost of manufacturer is
The expected average cost of retailer is
Again differentiating, we have Now finally find the minimum expected total cost of supplier, manufacturer and retailer at ( * , * ) from the equations.
Integrated expected average cost
The integrated expected average cost of the supply chain is
By setting g (P) = aP where a<<1
Now differentiating EIAC partially, we have
For optimum value of EIAC (P, Q),
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Now solving the above equations, we have value of (P, Q), Fig. 2(a)   Fig. 2(b) . Cost w. r. t. Production rate P
Sensitivity Analysis
1. When the holding cost of supplier (ℎ ) is decreased, production rate decreases and the optimal ordering size increases while expected average integrated system cost decreases and this cost is smaller than expected total system cost by Stakelberg approach. Increase of ℎ , production rate increases, the optimal ordering size decreases and expected average integrated system cost increases. 2. When the holding cost of supplier (ℎ ) is decreased, production rate increases and the optimal ordering size increases while expected average integrated system cost decreases and this cost is smaller than expected total system cost by Stakelberg approach. Increase of ℎ , production rate decreases, the optimal ordering size decreases and expected average integrated system cost increases. 3. When the holding cost of supplier (ℎ ) is decreased, production rate decreases and the optimal ordering size increases while expected average integrated system cost decreases and this cost is smaller than expected total system cost by Stakelberg approach. Increase of ℎ , production rate increases, the optimal ordering size decreases and expected average integrated system cost increases. 4. Changes of defective items parameter at supplier have positive impact, i.e., production rate, optimal ordering size and the expected average integrated system cost increase when increases and decrease when α decreases. 5. Die cost parameters , are highly sensitive for production rate and the expected average integrated system cost; they have positive impact for all costs. The expected average integrated system cost is smaller than expected total system cost by Stakelberg approach in all changes of , . 6. With the increasing product reliability parameter ( ), production rate decreases and the optimal ordering size also decreases while the expected average integrated system cost increase.
From the Table 1 , we get the expected average integrated system cost always smaller than expected total cost by Stakelberg approach in this model.
Conclusion
In this study, we have derived a three-echelon supply chain involving supplier, manufacturer and retailer with replenishment lot size of supplier and production rate of manufacturer being the decision variables. It is assumed that the cycle time at each stage is equal. The cost of idle time of supplier and partial backlogging are also considered. At each stage, the defective items at supplier level are sent back after completion of inspection at one lot with sales price. After a random time, the process may shift to ''out-of-control'' state from ''in-control'' state during the production run and may generate imperfect quality items. The imperfect quality items are reworked at a cost immediately. Finally, an average expected system cost function of the manufacturer is minimized by taking the manufacturer as main component of system (Stakelberg) of the supply chain and the supplier and retailer are secondary.
The collaborating system cost function, combining the average cost of supplier, manufacturer and retailer, is also minimized. From numerical results, we have observed that the integrated system cost function provides more less cost compared to the cost of the whole chain by Stakelberg approach. A numerical example is studied to illustrate the proposed model. The sensitivity of the solution to changes in the values of different parameters has also been discussed.
The major contribution of the supply chain is mainly in the inclusion of the manufacturer. We consider shortage for retailer, n small replenishment lot size, unit production cost and total number of defective items through more reliable function in the three echelon supply chain. For further research, this paper may be extended by considering the uncertain demand at each stage and multi-supplier and multiretailer levels may also be introduced in this model.
